A new finite-difference time-domain (FDTD) formulation for modeling graphene is proposed, in which the graphene is modeled as a resistive sheet with a frequency-dependent conductivity. The formulation is first developed in the context of the vector wave finite-element time-domain and then reduced to the FDTD based on the equivalence between these two techniques. The obtained formulation is easy to implement and does not alter the original FDTD update equations. It can be applied to an existing FDTD code by simply adding a correction term to appropriate variables. One of the main contributions of this paper is analyzing the stability of the proposed formulation, which has not been done previously.
I. INTRODUCTION

I
NVENTED in 2004, graphene is often called a revolutionary material of the 21st century. Due to its outstanding electrical, mechanical, magnetic, and thermal properties, graphene has recently gained significant interest among scientists. Its conductivity can be tuned to be metal-or semiconductorlike, which makes it an excellent candidate for high-frequency electronics [1] . Many graphene-based applications, such as waveguides, nanoantennas, or electromagnetic (EM)-shielding, have been introduced in recent years; thus, the need for studying their EM behavior has emerged. Since obtaining the analytic solution of Maxwell's equations in most cases is impossible, the use of numerical simulation methods is helpful. Graphene has been modeled using different methods, such as method of moments [2] , finite-element method [3] , and finitedifference time-domain (FDTD) method [4] - [8] .
In a macroscopic EM fields context, the graphene acts like a thin surface with conductivity that depends on chemical doping or external fields [9] . Up to now, three approaches have been used to model the graphene in FDTD methods which are: 1) regular FDTD method with very fine field discretization in the graphene layer [4] , [5] ; 2) the sub-cell FDTD approach [6] ; and 3) the graphene as a surface boundary condition in FDTD [7] . Since the graphene is very thin (one atomic thick layer), the first approach will be very expensive requiring a significant amount of memory and time, which makes it a poor option in practice. In spite of the merits of the other two approaches, they share at least two major drawbacks: first, they require different update equations in the vicinity of the graphene sheet, which makes the programming difficult; and second, the effect of the modified equations on the stability of the underlying FDTD has not been analytically studied.
In this paper, the graphene is considered as a resistive sheet, as in [7] ; however, the formulation is inspired by the finite-element time-domain (FETD) method based on the vector wave equation (VWE) [8] . The formulation is then reduced to the FDTD method by evaluating the FETD integrals using the trapezoidal rule. The proposed FDTD formulation can be implemented with minimal modification on an existing FDTD code. In addition, because of the equivalence between FDTD and FETD, the stability of the proposed FDTD method can be analyzed by finding the location of the eigenvalues in the FETD formulation.
II. FORMULATION
A. Graphene Conductivity Model
Graphene has a frequency-dependent complex-valued conductivity. The macroscopic graphene conductivity model used in the FDTD method consists of two terms: 1) interband conductivity and 2) intraband conductivity. The graphene surface conductivity (in units of [S] ) is given by the Kubo formula in an integral form. The simplified Kubo formula for the intraband conductivity term is [10] 
, ω is the angular frequency in rad/s, and γ is the scattering rate in s −1 . In addition, μ c is the chemical potential in eV, which can be controlled by chemical doping or by applying a bias voltage, T is the temperature in Kelvin, e is the electron charge,h is the reduced Planck's constant, and k B is the Boltzmann constant. The reason why only the intraband conductivity has been considered here is because in microwave frequencies, in which we are interested here, the interband term can be neglected. As seen in (1), the intraband contribution is expressed by a simple Drude-like expression [11] and can be directly implemented in FDTD formulation, whereas the interband term cannot.
B. Finite-Element Formulations in Time-Domain
By expanding electric field and magnetic field variables in terms of edge (Whitney 1-form) and face (Whitney 2-form) elements, we will have two main FETD formulations, one of 0018-9464 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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while the second one involves directly solving two coupled Maxwell's equations
where 
in which W (1) and W (2) represent the Whitney 1-form and Whitney 2-form elements, respectively. By eliminating {b} in (3), we obtain the VWE formulation (2) in which it can be shown that
for Whitney elements [12] . Therefore, both formulations become equivalent to each other in the continuous-time case. If the [T ] and [T f ] matrices, and [S] in 3-D case, are approximated using the trapezoidal integration rule, it can be shown that (3) can exactly lead to the standard FDTD equations in space [13] . Fig. 1 shows a 2-D rectangular grid in which the electric field unknowns {e} are assumed to be represented by edges. Graphene can be considered as a resistive sheet on which we have
C. Modeling of Graphene in FETD
The resistive sheet can be modeled in the VWE-FETD simply [8] as
in which
where D represents ∂/∂t which replaces j ω in time-domain, σ = (α/2γ ), and relaxation time τ = (1/2γ) and
Equation (8) can be transformed into the mixed FETD formulation in which both electric {e} and magnetic fields {b} are being updated together similar to the FDTD as
where ∂ J/∂t = {g}. Applying the central difference scheme to this term yields
In order to obtain g n , we discretize (9) with the trapezoidal rule by simply replacing D with the following bilinear transformation [14] :
and invoking the z-transform properties, which gives
In this paper, we have employed the central difference to discretize the mixed FETD (11) to exactly recover the leapfrog FDTD out of it, although applying other schemes, such as Crank-Nicolson or alternating direction implicit, is readily possible. The trapezoidal integration has to be employed to evaluate the integrals, which makes [T ], [T f ], and [Q g ] fully diagonal (mass lumping procedure). It should be noted that only those unknowns which lie on the graphene sheet have non-zero contribution in [Q g ]. Having substituted masslumped matrices in (11), update equations identical to the fully discretized FDTD are obtained in which the electric field update equation for those unknown resided on the graphene sheet has an additional term {J}. In case of an explicit FDTD method, e.g., the standard leapfrog FDTD discussed here, {J} can be updated separately and applied as a correction term after the standard update process is performed, which greatly simplifies implementation. Evidently, the update equation for the magnetic field is not changed in this approach.
III. STABILITY ANALYSIS
Since our method is based on the equivalence between FETD and FDTD method, they have the same stability criteria. Therefore, for the sake of simplicity, we study the stability analysis of VWE-FETD.
In order to simplify the stability analysis, we have considered a rectangular grid with the graphene on every edge of the grid. A perfect electric conductor (PEC) boundary condition is used to truncate the computational domain. Since in our grid x = y, both 
Discretizingẽ by central difference and the conductivity term via the trapezoidal method, we will obtain a third-order polynomial. By investigating the roots of the characteristic polynomial using Routh-Hurwitz stability criterion [15] , and to have all eigenvalues of the amplification matrix reside inside or on the unit circle, we reach this condition
According to the definition of λ and β, β −1 λ is representing the eigenvalues of [T ] −1 [S] . The most limiting t is corresponding to the maximum value of β −1 λ, which is shown to be equal to
for 2-D case [16] , in which c is the speed of light. As can be seen from (17) , this condition reduces to the CFL condition in the absence of graphene (σ = 0). However, it becomes more limiting, if the graphene layers are included in simulation. In order to see how much more stringent the new condition is, we consider the ratio of the two terms in the denominator of (17) . By substituting right-hand side of (18), β = x 2 and ϕ = x, we have
which is very small for typical graphene problems. In order to demonstrate the validity of the stability condition, we conducted a numerical example in which we considered a rectangular grid with 30 × 30 cells, x = y = 2 μm, and PEC boundary condition on the outer boundaries. We assumed that the graphene resides on every edge of the grid with T = 300 K, μ c = 0.5 ev, and τ = 0.5 ps. Under this assumptions, the CFL condition yields 4.717 × 10 −15 , and the condition obtained from (17) gives 4.632 × 10 −15 , which is <2% smaller than the CFL condition. We performed the simulation for two different values of t slightly below and above the value obtained from the new condition, which are 4.63 × 10 −15 and 4.64 × 10 −15 , respectively. As can be seen in Fig. 2 , the first t value results in completely stable results, while the second value of t yields to unstable results. IV. NUMERICAL RESULTS In order to validate the proposed formulation, we considered two numerical examples. Our first example involves calculating reflection and transmission coefficients of an infinitely long graphene sheet with T = 300 K, μ c = 0.5 ev, and τ = 0.5 ps as in [10] , located in the middle of our computational domain. The problem was solved in 2-D with 210 × 210 cells, x = y = 2 μm. A PEC was used to truncate the graphene layer and an eight-cell perfectly matched layer (PML) for both sides of the domain. We excited the problem with a Blackman-Harris pulse-shaped plane wave [11] . The exact solutions were calculated by T = 2/(2 + η 0 σ gr ) and = T − 1, in which η 0 is the free-space impedance and σ gr is the graphene conductivity. Fig. 3 shows the comparison of the numerical and analytical results of transmission and reflection coefficients, in which we can observe that our method is in excellent agreement with the analytical results.
Graphene has unique properties and can support surface plasmon polaritons (SPPs). The field of SPPs supported by the graphene is tightly confined on the surface, and the damping loss of its SPPs is relatively low; hence, the propagation length could reach dozens of wavelengths of SPPs [17] . For our second example, the infinite graphene sheet is excited by a sinusoidal dipole electric source as the SPP surface source at 30 THz frequency. Our domain has 200 × 60 cells and x = y = 20 nm. The time step is calculated as t = x/(2c 0 ) = 3.3 × 10 −17 , and we truncated the domain with eight layer PML cells. In order to avoid spurious reflections from the boundary, the graphene layer is extended to PML regions. Fig. 4 shows the spatial distribution of frequency in hertz at a time step of 100 000 when the fields reach steady state. From field distribution, we can easily extract the guided wavelength λ SPP = 29 × 20 nm = 580 nm, which is in good agreement with the analytically calculated guided wavelength as λ SPP = (λ 0 /R((1 − ((2/η 0 σ gr )) 2 ) 1/2 )) = 586 nm. λ 0 is the free-space wavenumber [16] .
V. CONCLUSION
We developed a simple, low-cost formulation based on equivalence between FETD and FDTD to model the graphene, which can be implemented with minimal modifications on an existing FDTD code.
Stability analysis has been performed for the first time unlike the other methods used to model the graphene. Although it is an explicit method, the CFL stability condition has only been changed negligibly.
